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1. Introduction 
     1. Unlike an electrical field the magnetic field does not do work on a particle. 

Because  the Lorentz force is always perpendicular trajectories of particles. For this 

reason the vacuum is stable concerning a magnetic field, i. e. even at 
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the magnetic field does not lead to appearance of pairs from the vacuum. 

Here 0H  is the characteristic Schwinger field strength, em  is the electron 

mass, c  is the   speed of light in the vacuum, e  is the elementary charge, h  

is the Planck constant. From this point of view the test of the various 

theories represents the interest in case of extreme magnetic fields. 

     2.  The interest to the study of neutrino (antineutrino)-electron scattering in a 

strong magnetic field is connected with its important role in astrophysics. The 

strength of magnetic fields of neutron stars can be as large as 0HH ≥ . Fields of   

H ~ G1715 1010 −  are generated in supernova explosions [ ] .Therefore, for 

astrophysical applications, it is of great interest to take into account the effect of 

strong external magnetic field on neutrino (antineutrino)-electron scattering. 

3. The strength of the fields achieved in laser radiation (H ~ )G87 1010 −  less 

than the critical field 0H . Despite of it, if the particles of high energy participate in 

these processes, in the system of readout connected to the particle, the magnetic 



field is increased in 2mcε  in comparison with the field in the laboratory system. In 

this case the characteristic field parameter 
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becomes  1≥χ .                      

     4. Even in laboratory experiments with beams of high-energy particles 

traversing single crystals, it is necessary to take into account strong internal 

electrical fields ( )0
410 HE −≤ [ ] . In the system of readout moving at the velocity vr  

a magnetic field of intensity,       
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arises. 

Due to the multiplier ( ) 11 2
12 >>−

−
v  the effective magnetic field becomes very 

strong and in this case the allowance for the influence of an external field is 

necessary. This opens the possibility for performing a laboratory test of the theory 

under extreme conditions.  

5. Polarization effect, various quantum and non- linear effects arise in a 

magnetic field. 

     In this work we consider the neutrino-electron scattering processes that 

proceeds only via charged currents (W boson exchange) in the four fermion 

approximation of the standard Weinberg-Salam model. 

 

2. Inverse charged lepton decay and the process le le νν →  

In the four-fermion approximation of the standard Weinberg-Salam model the 

amplitude of the inverse charged lepton decay in a constant external magnetic field 

has the form  
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where u(k) is the neutrino bispinor and 
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is the charged lepton current. Here ψl  is the wave function of the charged lepton 

τµ,,el =  that is an exact solution to the Dirac equation in a constant magnetic field, 

( )kk ,ω=  and ( )kk ,ω′=′  are the 4-momenta of the initial and final neutrinos, 

respectively, which are assumed to be massles particles, the 4-momentum transfer 

is q k k= − ′ . γ γ γα α
L = +( ) /1 25  are the left-handed components of the Dirac 

matrices, 32105 γγγγγ i−= , L  is the normalization length. 

With all allowance for (4) and (5) the probability  of the process is given by 
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Here the current ( )jα q  is connected with the current (5) by the relation 

                                       ( ) ( ) ( )J q q jα απδ ε ε= + − ′2 0 q .                                  (7)   

 

This current is expressed in terms of the left-handed components of Dirac bispinors 
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In the standard presentation of the matrices γ α  the bispinor ψ L  is expressed with 

the spinor  ϕ :     
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Where ψ i  are the components of the bispinor ψ . 



We use the pseudo-Euclidean metric with signature ( )−−−+  and the system of 

units where 1== ch . Summation in (6) is performed over the set of four charged 

lepton quantum numbers ( )′ = ′ ′ ′ ′f n p pz y, , ,ζ . In the analogous set featuring 

unprimed quantities and referring to the electron, n  is the principal quantum 

number ( ) ∞<<−∞= zpn ,,.......2,1,0  is the projection of the momentum onto the 

magnetic-field direction chosen for the z  axis, and ∞<<∞− yp  is the eigenvalue 

of the kinetic-momentum operator yi ∂∂− . In the gauge that we adopted for the 

vector potential of the external field, 

                                                  ( )0,,0,0 xHA =µ                                    (10) 

this kinetic-momentum operator appears to be an integral of motion. The quantum 

number ζ = + −1 1( )  specifies states with definite spin orientations. 

( )ε = + +m eHn pe z
2 2 1 2

2
/

,  is the electron energy, ( ) 2/122 2 zl pneHm ′+′+=ε  is 

the charged lepton energy and 0<− e  is the electron charge. 

        Let the initial neutrino travel along the magnetic field, i.e. 

                                                ( )k µ ω= 1 0 0 1, , , .                                                (11) 

The choice of this kinematics simplifies the calculations considerably. 

 We obtain the reaction cross section in the form 
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where 
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 The functions Fα  are expressed in terms of the Laguerre functions I xnn′ ( )  

as  
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the argument being 
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where q q q k kx y x y⊥ = + = ′ + ′2 2 2 2 2  by virtue of (11). Expressions (13) also 

involve the electron spin coefficients A  and B  and the charged lepton spin 

coefficients A′  and B′  that are determined by the polarization states of the 

particles.  

 Below, we restrict our analysis to the case in which the electron possesses a 

high transverse momentum ( ) lmeHnp >>=⊥
2/12  in the magnetic field of 

strength e
mHH l

l

2

=<< ; in this case, the motion of the electron is semiclassical 

because 1>>n . Performing a Lorentz boost along the z axis - this does not change 

the magnetic field H - and employing the kinematical condition (11), we go over to 

a reference frame where the longitudinal electron momentum  is zero. We assume 

that the incident-neutrino energy ω   lies in the range  
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 Under the above conditions, the total probability of the process depends on 

only two invariant parameters 
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where F A Aαβ α β β α∂ ∂= −  is the tensor of the external field.  

 Conditions (11) and (15) and the inequality lHH <<  admit the following 

invariant representations  

k Fα
αβ = 0 ,           χ >> f ,              κ >> f , 

               (18) 
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In the case being considered, the Laguerre functions Inn ′  appearing in (13) 

approximated by the first terms of their semiclassical asymptotic expansions in the 

relativistic parameter ε
γ lm

=−1 . In this approximation, we have  
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is the Airy function of the argument  
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We also have 

                    κ
µ

0

2

1= −










m
m

e
, 

2

0 1 







−=

l

e

m
mκ , ( ) ( )

′ =Φ
Φ

y
d y

dy .                   (22) 

 In the above expressions, we used the invariant spectral variable 
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and the invariant angular variable  
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where λσ
αβλσαβ ε FF 2/1~ = , ϑ π θ= −/ 2  and θ  is the angle between k′  и H (in 

the region that is important for our analysis, we have ϑ γ≤ <<−1 1). 

 By using recursions relations for Laguerre functions, we find that the 

relations  

I I u In n, ′ − ≈ − ′1 , 
 
    I I vIn n− ′ ≈ + ′1, ,                           (25)  
 
    I I uvIn n− ′− ≈ − ′1 1, , 

where v
u

u
=

+1  are correct to terms of order∼ γ -2. 

With allowance for particle polarizations, the cross sections are given by  
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χ

=
u , ζ

ζ
± =

±1
2 , ′ =

± ′
±ζ

ζ1
2 , the argument of the Airy functions is 

specified in (21, 22), and the subscripts �t� and �l� label the cross sections 

referring to the cases  of transverse and longitudinal polarizations, respectively. 

From (26), it follows that σl ∼ 1 −ζ   � that is, in the leading order in γ −1 , the 

process being considered is forbidden for electrons with right-hand circular 

polarization (ζ=1). That terms that  are odd in  the angular variable τ   appear in 

the differential cross section ( )d
d u d

p t lp
2σ
τ = ,  determined by the integrands in 

(26) is due to P  nonconservation in weak interactions. This results in the 

asymmetry of final neutrino emission with respect to the xy plane chosen to be 

orthogonal to the magnetic field direction. 

The inverse charged lepton decay el le νν →  is related to the process le le νν →   via 

crossing symmetry. The latter process is also of great interest. Its cross section σ   

is given by 
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where le mm /=δ . From  (27) it follows that ζσ ′−1~l ; that is the process 

results in the production of only charged leptons having left-hand circular 

polarization. That the cross section σ  and σ   involve the variables ζ  and ζ ′  in an 



asymmetric way is explained not only by P  and C   nonconservation in weak 

interactions but also by special kinematical features: left-handed electron neutrinos 

and  right-handed charged lepton antineutrinos are emitted at small angles (not 

greater than ( )≤ −γ 1 ) with respect to the  ultrarelativistic-electron momentum. 

 Let us perform integration in (26) and (27) with respect to the angular 

variable τ .  

 For the cross section of the inverse charged lepton decay, this yields 
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For the cross section of the process le le νν →   , we similarly obtain 
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The integrands in (28) and (30) represents the spectral distribution 
d
du

pσ
 and  

du
d pσ

, respectively.  

It follows from (29) that the effect of an external field on the processes el le νν →  

and  le le νν →  which may proceed in zero field as well, is determined by the 

parameter 
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Let us consider the asymptotic behavior of the total cross sections for the processes 

el le νν →  and  le le νν → . 

For  χ <<1  and   κ κ> 0  for the process el le νν → , we have  
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For the process le le νν → , the asymptotic expressions are 
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In these expressions 
( )  1 2

2

0
lm
pkux +=+=  is the normalized Mandelstam 

variable. The effect of an external field is more pronounced for transversely  

polarized particles (contributions of order χ ) than for longitudinally polarized 

particles (contributions of order 2χ ). The inverse charged lepton process leads 

predominantly to the production of charged leptons whose spins are antiparallel  to 

the direction of the field Н ( ′ = −ζ 1). A different effect is observed in the process 

le le νν → : only final charged leptons having left-hand circular polarization are 

produced, as was indicated above see (27)]. 

For η<<1  and  κ< κ0  the asymptotic expressions for the cross sections are 
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For η >>1   and  χ >>1   the cross sections of the reactions are given by 
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Under this conditions, the processes in question involve only electrons and final 
charged leptons having left-hand cicular polarizations. This corresponds to the 
massless limit: it follows from (16) and (17) that the factor 322χlm  is independent 
of lm . 
 

3. Annihilation of a neutrino and an antineutrino into 

a charged lepton and a positron in a magnetic field 
Here we consider the process 

                                                     +− +→+ elel νν                                           ( 38) 

in a constant magnetic field.We study characteristic polarization effects associated 

with the direction specified by the external field and with the weak-current 

structure. Various processes induced by the inelastic scattering of ultrahigh-energy 

cosmic (anti) neutrinos on low-energy relic (anti) neutrinos in the Milky Way 

Galaxy are considered as possible sources of high-energy cosmic rays. 

By using the four-fermion approximation of the Weinberg-Salam Standard 

Model and the Fierz identity, the amplitude of the process can be represented in the 

form  
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where  FG  is the Fermi constant; ( )ku  and ( )kv ′  are the bispinors of the massless 

neutrinos lν  and antineutrinos eν   with 4-momenta  ),( kk ω=  and ),( kk ′′=′ ω , 

respectively. The charged-lepton current is given by    
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where the charged lepton wave functions ( )ψ ′
+

n  and the positron (negative-

frequency electron ) wave functions   are exact solutions to the Dirac equation in a 

constant magnetic field. We represent the cross section for the process in the 

general form 
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where summation is performed over the sets of four  quantum numbers of the 

charged lepton ( )′ = ′ ′ ′ ′f n p sz, , ,ζ  and four quantum numbers of the 

positron ( )f n p sz= , , ,ζ .The axisymmetric gauge of the 4-potential of the 

magnetic field is 

                                           
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2
1,0 xHyHAµ

.                             (42)

  We restrict ourselves to the case where a neutrino and an antineutrino 

approach each other from opposite directions in the plane orthogonal to the field 

H. Since the problem in an external field possesses axial symmetry, the choice of 

the x  axis along the collision axis imposes no constraints on the generality of our 

consideration. Accordingly, the 4-momenta in the neutrino pair are then taken to be 

                                ( )k =ω 11 0 0, , , ,   ( )′ = ′ −k ω 1 1 0 0, , , .                                       (43)             
 

in which case  q qy z= = 0  and the angle  ϕ   is  
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.                                             ( 44)  

 We express the cross section   in terms of the functions F  and F ′  as 

         ( )( )2
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εεδ
π

σ
nn

zF FFEdpeHG                         (45) 

where the upper and the lower sign in the superscript refer to the cases of 

qx = − ′ >ω ω 0   and qx = − ′ <ω ω 0 , respectively and 

                                                nnnn IllIllF ′−−′ ′−′= ,1121,21 , 

                                                1,11122 −′−′ ′−′=′ nnnn IllIllF .                                     (46) 

The quantities kl  ( 2,1=k ) are expressed in terms of the spin coefficients iC  

( 4,3,2,1=i ): 

                                        ( )311 2
1 CCl −= ,  ( )422 2

1 CCl −= .                                      (47) 

  The case of a collision between a high-energy neutrino (antineutrino) and a 

low-energy antineutrino (neutrino) is of interest for astrophysical applications. 

Suppose that the energy of the neutrino and antineutrino, and the momentum 

transfer lmEq >>≈′−=⊥ ωω  are both much greater than lm  and that the 

magnetic-field strength satisfies the condition emHH ll /2=<< . The main 

contribution to the total cross section for this process comes from the final-lepton 

states having large quantum numbers n, n′ >>1  (high Landau levels). 

We can introduce the field, the kinematical, and the mass parameter (κ ,λ  and δ , 

respectively) 

                        ( )[ ] 3

2/12

3
llll m

eHE
H
H

m
qqF

m
e ≈=−= ⊥β

αβκ ,                

                                                                                                                              (48) 

                                22

2 4

ll mm
q ωωλ ′

== ,   
l

e

m
m=δ      

and the spectral and the angular variable (υ  and τ) 
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where  
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F A Aαβ α β β α∂ ∂= −  is the strength tensor of an external magnetic field, and  

~F Fαβ αβλσ
λσε=

1
2  is its dual counterpart.We note that ( )υ ∈ 0 1,  and that, in the 

ultrarelativistic approximation adopted here  ( 1/ >>= lmEγ )   ( )τ ∈ − ∞ ∞, . 

The cross section for the production of transversely polarized leptons  are given by 
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   ]+ ′ − ′( ) ( ) ( ) ( )/2 21 3 2κ τΦ Φ Φy y y ,  ( )ω ω>> ′ .                
                                                                                                                              (52)            
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                     ( ) ]+ ′ + ′ + ′( ) ( ) ( ) ( )/2 21 3 2κ ζ τΦ Φ Φy y y , ( )ω ω<< ′ . 

where κ κυυ=  and the argument of Airy function is determined  at 0=δ .     

 The integrands  in (52) determine the differential cross section ( )d d d2σ υ τ± / . The 

asymmetric dependence on the angular variable τ  and the spin variables ζ  and ζ ′   

is due to P  and C  nonconservation in weak interactions and to the choice of 

kinematical conditions  � an ultrarelativistic charged leptons and ultrarelativistic 



positron are emitted at small angles ( not greater than (≤ γ-1)  with respect to the 

direction of the high-energy-(anti) neutrino momentum. 

 The range of the spectral variable υ   is determined from the condition 

λυ − ≥1 0 , which yields  

 0 1
1

1≤ ≤ = −υ υ
λ                     (53) 

In the absence of a field, the considered reaction  has a threshold; that is, the 

kinematically allowed region is  

                                                      λ > 1                   (54) 

The external-field  effect on the process allowed in the absence of a field as well as 

determined by the parameter  

                                             1−
=
λ
κη .                                             (55)  

  Let us consider the asymptotic behavior  of the total cross section for the process.  

  At κ <<1 and λ > 1,we obtain the asymptotic expressions 
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                                                                                               ω ω<< ′ , 
where      
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The external-field effect on the process is described by the parameter 
κ

λ −1 . This 

effect is stronger for polarized particles than for unpolarized particles, being of the 

first and of the second order in κ , respectively. In a relatively weak field ( )κ <<1  

such that the relation κ λ≥ −1 nevertheless holds, the cross section for the 

process differs markedly from the cross section for the free process, the latter being 

very small near the threshold. For ω ω>> ′    (ω ω<< ′ ) we predominantly have 

the generation of charged leptons (positrons) whose spins are aligned with 

(opposite to) the direction of the magnetic field H- that is ζ = +1  (ζ = −1 ). This 

effect is similar to the Sokolov-Ternov effect, the radiative polarization of 

electrons in a magnetic field due to synchrotron radiation. 

   For λ <1,  the free process (at 0=κ ) is forbidden. In a weak field ( )η <<1  , 

the cross section for the process  is exponentially small, which is characteristic of 

all processes that have a threshold in the absence  of a field. In this case 
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For  η >>1 and  κ >>1   ( strong field ), we obtain the strong field asymptotic 

expressions for the cross sections  
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We see that, for ω ω>> ′   ( ′ >>ω ω ) there is a predominant production of 

positrons (charged leptons) polarized in the direction parallel (antiparallel) to the 

external field H. 

Assuming that relic (anti)neutrinos are massless, we estimate their energy  

(that is the temperature of relic radiation) at eVK 4107.1~2~ −×′ω .  Our results 

are valid in the region of cosmic-neutrino energies,  

    ω
ω

µ≤
′
≤

m2
2010  .эВ                                                   (60) 

For the field parameter, we  have 

            κ < 



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−10
1

7 H
Γc                                                 (61) 

The dipole fields of neutron stars are H ≤ 1013 .  For this fields  κ ≤ 106   and the 

cross section for the considered process  in a magnetic field is much larger than the 

cross section for the free process owing to the factor      

                                               ( ) ( )F κ κ= ≤3 102 3 4/ .                                              (62) 

Thus, the discussed process  can be a source of high-energy charged leptons; in the 

vicinity of strongly magnetized stars, their spectral distributions and total fluxes 

can differ considerably  from the corresponding values in the regions where  the 

field can be disregarded. Neutron stars may modify sizably the energy spectra of 

cosmic rays owing to the large-scale pulsar-wind effect. 

 

4. Determination of the Weinberg angle in a magnetic field 

It is well known that the relation between the weak coupling constant g and the 

electric charge e is established with the Weinberg angle wθ . Generally, the value   

                                                          2

2
2sin

g
e

w =θ                                                  (63) 



is not constant. It is a function of the momentum transfer squared. It is known that 

wθ
2sin  can be determined by measuring the ratio of the cross sections of the 

reactions  

                                                    −− +→+ ee ll νν ,                                           (64) 

                                                         −− +→+ ee ll νν                                             (65) 

where  τµ ννν ,=l  and τµ ννν ,=l . 

In this section we present the results of our  calculations on wθ
2sin  in an 

external magnetic field in the framework of the Weinberg-Salam model.  

In the framework of the Weinberg-Salam model the cross sections of the 

considered processes  in a constant external magnetic field are  
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where +σ  and 222 )1( RL gugf ++=+   are for the first reaction, −σ  and 222 )1( LR gugf ++=−   

are  for the second reaction, wLg θ2sin
2
1 +−= , wRg θ2sin= . Here the functions  
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are determined with the Airy function 
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All these functions depend on a new variable 
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To determine wθ
2sin  in an external magnetic field we find the ratio 

−+= σσR : 
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where 
                                               124 2

0 +−=−+= sscbaA ,                                       (72) 

                                     1
2
1

2
1 2

0 +−=−= sscbB ,                                          (73) 

                                     )1(
4
1

4
1 2

0 ++== ssbC ,                                            (74) 

                                     )586(2 24
0 −+−−=−+= ssshfdD ,                        (75)    

                                     10103
2
1 23

0 +−+−=−= ssshfE ,                             (76) 

                                     )1043(
4
1

4
1 2

0 +−−== ssfG ,                                    (77) 

                                     2
0 4

3
4
1 saH == ,                                                       (78) 

                                     )322(
4
1

4
1 22

0 ++−== sssdI                                     (79) 

and   

                                                           23sa = ,                                                        (80)  

                                                           12 ++= ssb ,                                                (81)        

                                                      sc 3= ,                                                         (82)  

                                                  )322( 22 ++−= sssd ,                                    (83) 

                                                      1043 2 +−−= ssf ,                                        (84)  

                                                      )66(2 2 +−= sssh .                                       (85) 

 In the expressions (71-85) 22 /)(1 empks +=+=κ  is the normalized 
Mandelstam variable. 

Solving the corresponding equation derived from the expression (71) we 
find the general formula for wθ

2sin  in a weak magnetic field 
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If we take into account 1+=κs  and the definition of the parameter  
                                                                      

κ
χη = ,                                              (87) 

we can see that wθ
2sin  depends on the kinematic parameter  
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and the dynamic parameter 
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where ε  is the energy of the initial electron and em  is the electron mass, αβF  is the 

tensor of the constant external electromagnetic field, p   is the 4-momentum of the 

initial electron, k  is 4-momentum of the initial neutrino (antineutrino),  0k  is the 

energy of the initial neutrino (antineutrino), H is the strength  of an external 

magnetic field, 0H  is the Schwinger field strength, e  is the elementary charge. 

. The dependence of wθ
2sin   on the dynamic parameter χ , i.e. on the strength of 

the external magnetic field rouses interest. 

 When 0=H , the parameter 0=η  and we derive the formula for  wθ
2sin  for 

the  
free case 
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 And now let us evaluate the contribution of an external magnetic field to 

wθ
2sin .  From the expression (86) we see that the contribution wθ

2sin∆  to wθ
2sin  is 



determined by the terms proportional to 2η . To evaluate  wθ
2sin∆  let us look at one 

of these terms: 
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 If we set 0
210 HH −= , GeV1.0=ε , 3→R  (low-energy region) and suppose 

that the neutrino (antineutrino) mass is zero or very small (tens or hundreds eV ) 

and it has very low energy (for example, KeVk 100 = ), we have 689.8=s   and 
32 1083.1sin −×≈∆ wθ . In this case the evaluations give %1≈  for ww θθ 22 sinsin∆ .      

The results obtained in this work are right for µν , µν , τν  and τν . 
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